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§1. Introduction 


Major part of this work leans on the work of [5]. There are some new results using isomorphism 


theorems with some results in [5]. 


§2. Preliminaries 


Definition 2.1 Let X be a non-empty set. A fuzzy subset wu of the set G is a function 1: G— 
(0, 1]. 


Definition 2.2 Let G be a group and pw a fuzzy subset of G. Then p is called a fuzzy subgroup 
of G if 


(i) (xy) 2 min{y(x), u(y); 
(i) wa") = (a); 
(iit) is called a fuzzy normal subgroup if u(ay) = u(yx) for alla and y in G. 


Definition 2.3 Let G be a group and us a fuzzy subset of G. Then ps is called an anti fuzzy 
subgroup of G if 


(i) u(y) < max{u(x), u(y) }: 
(14) w(a~*) = w(2). 


Definition 2.4 Let ps and X be any two fuzzy subsets of a set X. Then 


1Received November 28, 2013, Accepted February 6, 2014. 


2 B.O.Onasanya and S.A.Ilori 


(i) A and pw are equal if u(a) = A(x) for every x in X; 
(it) A and pw are disjoint if u(a) A A(x) for every x in X; 
(iit) XC pw if uw) > A(x). 


Definition 2.5 Let w be a fuzzy subset (subgroup) of X. Then, for some t in [0,1], the set 
fy = {x EX: p(x) > t} ts called a level subset (subgroup) of the fuzzy subset (subgroup) pL. 


Remark 2.5.1 The set ju; if it is group can be represented as oie 


Definition 2.6 Let be a fuzzy subgroup of a group G. The set H = {x eG: p(x) = p(e)} is 
such that o() = o(H). 


Definition 2.7 Let y be a fuzzy subgroup of a group G. yu is said to be normal if sup p(x) = 1 


for allx in G. It is said to be normalized if there is an x in G such that p(x) = 1. 


Definition 2.8 Let G be a group and ws a fuzzy subset of G. Then ps is called an anti fuzzy 
subgroup of G if and only if u(ay~') < max{p(zx), u(y)}, and p is called an anti fuzzy normal 
subgroup if u(xy) = w(yx) for all x and y. 


Definition 2.9 Let u be a fuzzy subset of X. Then, for t € [1,0], the set w= {x EX: p(x) < 
t} is called a lower level subset of the fuzzy subset p. 


Definition 2.10 Let uw be an anti fuzzy subgroup of X. Then, for t € [1,0], the set uz = {a € 
X : p(x) < t} ts called a lower level subgroup of ju. 


Definition 2.11 Let u be an anti fuzzy subgroup of a group G of finite order. Then, the image 
of w is Im(p) = {t; © LT: p(x) =t; for some x inG}, where I = (0,1). 


Definition 2.12 Let uw be an anti fuzzy subgroup of a group G. Fora in G, the anti fuzzy coset 
ap of G determined by a and wu is defined by (ap)(x) = u(a~tx) for all x in G. 


Definition 2.13 Let yu be an anti fuzzy subgroup of a group G. Fora and b in G, the anti fuzzy 
middle coset aub of G is defined by (ayb)(x) = p(a~xb-') for all x in G. 


Definition 2.14 Let yu be an anti fuzzy subgroup of G and an element a in G. Then pseudo 
anti fuzzy coset (ap)? is defined by (au)?(a) = p(a)u(x) for all x in G and p in P. 


Definition 2.15 The Cartesian product X x w: X x Y — [0,1] of two anti fuzzy subgroups 
is defined by (A x p) (x,y) = max{X(x), u(y)} for all (x,y) in X x Y and Ry is a binary anti 
fuzzy relation defined by Ry(x,y) = max{X(x), A(y)}. The anti fuzzy relation Ry is said to be 


a similarity relation of 
(i) Ry(w,x) = 1; 
(it) Ry(x,y) = Raly, 2); 
(iii) max{R)(x,y), Ryy, z)} = Ry(a, z). 


Definition 2.16 Let G be a finite group of order n and wu a fuzzy subgroup of G. Then for 
ty, to in [0,1] such that ty < te, ui, C pe, - 
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Definition 2.17 Let G be a finite group of order n and p an anti fuzzy subgroup of G. Then 
for ti, t2 € [0,1] such that ty < te, we, C be. 


Definition 2.18 Let f be a group homomorphism from a group G to H. Then there is an 


isomorphism @: f(G) >= G/Kerf, where ¢ is the canonical isomorphism associated with f. 


Definition 2.19 Let G be a group and H, K normal subgroups of G such that H < K. Then 
there is a natural isomorphism G/K = (G/H)/(K/H). 


Proposition 2.20 Let G be a group and yu a fuzzy subset of G. Then ps is a fuzzy subgroup of 
G if and only if Gi, is a level subgroup of G for every t in [0, u(e)], where e is the identity of G. 


Proposition 2.21 H as described in 2.6 can be realized as a level subgroup. 


Theorem 2.22 G is a Dedekind or Hamiltonian group if and only if every fuzzy subgroup of 
G is fuzzy normal subgroup. (A Dedekind and Hamiltonian groups have all the subgroups to 


be normal). 


§3. Briefly on Properties of Anti Fuzzy Subgroup 


Proposition 3.1 Any two pseudo cosets of an anti fuzzy subgroup of a group G are either 


identical or disjoint. 


Proof Assume that (aj)? and (bu)? are any two identical pseudo anti fuzzy cosets of wu 
for any a and b in G. Then, (aj)?(x) = (bu)? (x) for all ~ in G. Assume also on the contrary 
that they are disjoint. Then, there is no y in G such that (ay)?(y) = (bu)? (y) which implies 
that p(a)u(y) 4 p(b)u(y). The consequence is that p(a) 4 p(b). This makes the assumption 
(as)? (x) = (by)? (a) false. 

Conversely, assume that (ay)? and (bu)? are disjoint, then p(a)u(y) 4 p(b)u(y) for every y 
in G. But if it is assumed that this is also identical, then p(a)u(y) = p(b)u(y) and that means 
p(a) = p(b) so that p(a)u(y) 4 p(b)u(y) cannot be true. 


Proposition 3.2 Let y be an anti fuzzy subgroup of any group G. Let {y;} be a partition of 
pu. Then 


(i) each yi; is normal if u is normalized; 


(it) each pi; is normal if 4 is normal. 


Proof Note that for each i, ; C js which implies that p;(a2) < p(x) for all x in G. 


(i) Since yz is normalized, there is an vp in G such that p;(x) < u(x) < p(xo) = 1 for each 
i. Whence, j4;(~) < 1. Then sup p;(”) = 1. 
(i) Since wz is normal, sup u(x) = 1, then u(x) < 1. Note that p(x) < u(x) < 1. Then 


Mi(x) <1 and suppi(x) = 1. 


Proposition 3.3 Let yw be an anti fuzzy subgroup of any group G. Then p(e) <1 even if pw is 
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normalized. 


Proof Note that for all x in G,0< p(x) <1. 


u(e) = (aa) < max{p(a), u(x~")} = p(x) since u(x) = w(a") for all x in G. 


But since yw is normal, there is an x in G such that pu(e) < p(x) < u(x) = 1. Hence 
p(e) <1. 


Proposition 3.4 Let be an anti fuzzy subgroup of any group G and R, : Gx G — [0,1] be 
given by Ry (x,y) = u(xy'). R, is not a similarity relation. 


Proof The reference [4] has shown that this is a similarity relation when p is a fuzzy 
subgroup of G. But 
Ry (x2) = (wa) = ple) <1. 


R,, is not symmetric, hence not a similarity relation. 


§4. Application of Issomorphism Theorems of Groups to Fuzzy Subgroups 


Proposition 4.1 Let f be a group homomorphism between G and H. Let uu be a fuzzy subgroup 
of H. Then G is isomorphic to a level subgroup of H. 


Proof Since f is a homomorphism, it is defined on G. 
Ker f={xeG: f(x) =en} © {xe G: uf (x) = ler) < 1}. 
Hence, f(a) <1 for all x in G since p is a fuzzy subgroup of H and f(z) is in H. 
Ker f=G sothat wf(G) <1. 


Also, note that 
f(G@) = {ty = f(x) € H: uf (x) = wy) = ulen)}- 
By 2.21 and 2.6, f(G) is a level subgroup, say Hj, of H. 


G/G=G~ Ht 


by Definition 2.18. 


Remark 4.2 It can be said then that every group G is isomorphic to a level subgroup of a 
group H if there is a group homomorphism between G and A and yp a fuzzy subgroup of H 


exits. 


Proposition 4.3 Let G be a Dedekind or an Hamiltonian group and wu a fuzzy subgroup of G. 
For ti, t2 € [0,1] such that ty < tz and G/G‘,, = (G/G},,)/(Gi,,/G5,,)- 
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Proof By Proposition 2.20, G{,, and G5, are subgroups of G and by Theorem 2.22, they 
are normal subgroups. Also by Definition 2.16, 
Go, < Gi. 
Then, f : G/G},, > G/G},, is a group homomorphism and 
Im(f) =G/G}, if f(g@5,) = 9Gi,- 


Also, it can be shown that Ker f = G{,,/G,.- 
Then apply Definition 2.19 so that G/G‘,, = (G/G5,,)/(t1,,/G,.)- 


Remarks 4.4 It is equally of note that if 4 is an anti fuzzy subgroup of a group G, 
for t) < ta, Gon < Gon 


by Definition 2.17. 
Following the same argument as in Proposition 4.3, 


G/Gy, = (G/Gi,)/(Goy/Gi,)- 
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